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Abstract. The rich dromion structures for a (2 + 1)-dimensional Kdv equation are revealed.
The dromions in a high dimensional integrable model may have a free shape in one or more
directions. Multi-dromion solutions can be driven by perpendicular line, non-perpendicular line
and curved line ghost solitons.

Recently, much progress in understanding the properties of high-dimensional integrable
models has been achieved [1]. One of the most important properties is that exponentially
localized structures, called dromions, which are driven by two perpendicular line ghost
solitons in the case of the Davey—Stewartson (DS) equation {2] or two non-perpendicular
line ghost solitons in the case of the Kadomtsev—Petviashvili (£P) equation [3], have been
found. On the other hand, we also know that for higher dimensional integrable models, many
(or even infinitely many} arbitrary functions can be included in their symmetry structures
[4-6]. This means some arbitrary functions can be included in the exact solutions of the
higher dimensional integrable modeis. In this paper, we would like to study the dromion
structure in more generalized form for the following (2 + 1)-dimensicnal KdV equation

fy + Uyxx = 3('7‘3;!"‘:)):- (1)

Equation (1) was originally derived by using the idea of the weak Lax pair [7, 8] and it
reduces to the usual (1 + 1)-dimensional KdV equation in the case of y = x. In [8], the
authors pointed out that the solutions of equation (I) and its potential

v=3a, Yu, 2)
can all be obtained from the bilinear form

(DyD: + DiDy)¢ - ¢ =0 : 3)
with

u = ~20,8,1né v =234, Iné )

where D is the standard Hirota bilinear operator [9].
In order to get solutions of (3), we expand ¢ in the form of a power series of a small
parameter

p=1 +E¢,(1)+€(2)¢(2)+..._ . 3
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Substituting equation (5) into (3) yields a set of linear equations:
¢(1} ¢g:)xy =0 (6)
850 + 6%, = —3(DyD; + DIy - ¥ )
etc. In [8]}, Radha and Lakshmanan (RL) studied the solutions of (6) in the form:

N
o0 =) epE) G =kx+hy-Kr+g”. ®
J=1
In order to obtain further information about the dromion solutions of the (2-+ 1)-dimensional
Kdv equation (1), we can write a special solution of (6) in the following form

N
oW =3 "Texp(k;(y)x — () + &) + i(x, )] )
j=1
where k;(y) and g;(y) are arbitrary functions of y and &;{x, #) is an arbitrary function of
{x, t}. Similarly, the solutions ¢ for all j > 2 can be obtained by solving equation (7)
etc recursively.
To obtain ‘single’ soliton solution we select N = 1 in (9) and substitute it into
equation (7) etc. The result tells us that if we choose & as a constant and %; as a solution
of the following linear equation

Py Fxe + 3k]2h'x — 3k = 0 (10)

then ¢ for j > 2 can all be selected as zero.
After solving equation (10), we get a generalized real solution of (3):

¢_1+exp‘;‘+2A expnj+ZB siné; exp &; (11)
i=t j=l

E=lx—kt+g() n = Rjx — (R} + 3k Ry — 3k R}z
§; = Pix + (P} —=3P;0? — 3K} P; + 61 P, Op)t + 6
= Q;x +(—Q} + 3P} Q; — 3k P} + 3k @Dt (12)

where k1, A;, R;, Py, O, By, and Q(OJ are all arbitrary constants and g(¥) is an arbitrary
function of y. The correspondmo forms for the field « and the potential v can be obtained
by substituiing (11) into (4)

u=—2g'(y) exps(kl + ZA (ky — Rj)expny, +Z B;(k; — Q;)sinf; exp ¢;

i=1 i=1
-—-Z B; £ cosG; exp l;j)
=
-1
[(1+expi;‘-|—ZA e,xpr;n,-}-zzﬁv’J sin &; cxp{_,)] (13)
j= j=t

kzexv$+2;. L AiR?expn; + ¥[L, B;((Q} — PP)sind; +2P;Q; cos6;)expy;
1+expk +ZJ=| A; expn; +E;-—1 B;sing;expy;
(k1 expé + Y I, A;R;expny + Y /L Bi(P;cos8; + @ sin6;)expy;)®
(1+exp§+zj L Aj exan+EJ | B sind; exp ¢;)?

(14)
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where a prime means a derivative with respect to y. To understand the meaning of solutions
(13) and (14), we first discuss some special cases:
(1) Single curve soliton for the potential v. If we choose

A;=B;=0 (15)
equation (14) reduces to

v = —Jkisech’; (kux — kit + g (), (16)
Obviously, v shown by equation (16) is finite on the curve

kix — kit +g(3) =0 an

and decays exponentially apart from the curve. Hereafter we call this type of soliton a
curve soliton (or curved line soliton) and call a solution which is finite on a straight line
and decays apart from the line a line (or straight line) soliton. )

Under the same condition (15), the structure of soliton (13) for the field «

u = —~Lhg )sech?} (krx — k3t + () {8

is much more abundant;

(i) Single dromion driven by one line soliton (parallel to the x-axis) and one curve
soliton. If g'(y) is fixed as a single line soliton which is parallel to the x-axis, and we
combine the line soliton g’(y) and curve saliton sech®(kx —ic]3r + g(¥)} together properly
{i.e. multiply them together simply in the case of equation {18)), the original straight line
and curved line solitons disappear (become ghosts) and only a single peak which is localized
in all directions (called a dromicn) survives. The dromion is located at the intersection of
the line and curve solitons. Because g(y)} is an arbitrary function of y, the single dromion
still possesses rich structures. Here are three concrete simple examples:

¥
uy = 3k sech®(y — yo) sech? § (klx — kit — f sech” (| — ¥o) dy[)
¥
= 3l (y) sech” 3 (klx —kjr - f sech”(y1 — o) dy;) (19)
py
Uy = -é-kl sech” (cash(y ~ yo) — 1) sech® -;-(qu - kf’t - f sech”(cosh(y — yo) — ]_)dyl)

¥
= %klhz(y) sech? é (k;x — k?t - f sech” (cosh(y; — yo) — l)dyl) 1)}

¥ 1
=L (y — yo)* 4+ 1sech® L{ k —k%—f —
u3 = ski(y — y0)*" 4 Lsech® 5 { kyx — &; O =y + 1 1
y I
= Lkyhs( W ifk —k3t—-f ——dy |.
ki3 (y) sec 2( X — K i =y 1! @

The first type of dromion solution. u, decays exponentially in all directions. The second
type of dromion solution, #,. decays much more quickly than the first in the y direction.
While the third type of dromion solution, us, decays much slower than the first in the y
direction.

(iil) Multi-dromion ‘bounded’ states. If g'(y) is selected as N parallel line solitons
(parallel to the x-axis} under condition (15), then we obtain an N¥-dromion ‘bound’ state,

N y N
Ung = %(ij(y)) sech? %(Iqx — k3t~ f Z]: f}(}’l)dj’l) (22)
J=i - i=
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driven by N line ghost solitons and one curved line ghost soliton. In equation (22), f;(y)
can be selected quite freely, say fy, f», #15 shown in equations (19)}-(21). Because all N
parallel line solitons are static in the y direction, the N-dromions can only move with the
same speed in the x direction as the curved line ghost soliton moves and they cannot pass
through each other. In other words, the behaviour of these dromions looks like a bound
state,

(iv) Interacting and waving multi-dromions. If we select g’(y) as an Nj line soliton
solution and remove condition (15}, then solution (13) reveals an interacting waving dromion
structure. This type of dromion solution is driven by one curve soliton, N, line solitons
parallel to the x-axis and M non-waving line and N waving line solitons parallel to the
y-axis. All the non-waving and waving line solitons which are parallel to the y-axis and
the curve soliton move in the x direction at different velocities, while the N; line solitons
which are parallel to the x-axis are still in the y direction, so only the dromions located at
the same y level can interact with each other.

The rich structures of the multi-dromion solution (13) are different from the known
traditional dromions such as those in the DS and KP equations. The multi-dromions of the
(2+1)-dimensional Kdv equation (1) obtained by RL are also different from equation (13), In
other words, the multi-dromion solution shown by equation (13) is not included in the multi-
dromion solutions obtained by RL [8], neither have the multi-dromion solutions obtained by
RL been inciuded in equation (13). To obtain the RL result, we have to consider ¢V shown
by equation (9) for arbitrary N with k; being constants:

N
¢ = lexpllyx — K3t + g, (Y] + h(x; 1) (23)

=l

where h = Zj‘f__l h;. Substituting (23} into (7) etc, we find that if we restrict all g; to have
the same form except for some constants:

g =gM+C (j=12,...,N, C;= constants) (24)
and A{x, t) is any solution of the linear equation
N N
(B + hxxx) D explkyx — K1+ CY 43> kilkihe — he)explyx — K1+ €y =0 (25)
j=1 j=1

¢ for j > 2 can all be treated as zero again. Correspondingly, substituting equation (23)
with (24) and (25) into {(4), we obtain a more generalized multi-dromion solution.
(v) Generalized multi-dromion solution.

A+ TN kyexply — he 3o, exp;
(L+ 30 expd; + i)’

w=-=2g'(y) (26)

where
E=kx—kt+g(+C;. (27)

This type of multi-dromion solution possesses much more abundant structures than that of
the first type. In fact, the first type of multi-dromion solution (13) is only a special case
of (26) for N = 1. From (26) we know that generally, multi-dromions may be driven by
many line ghost solitons (both parallel to the x-axis and y-axis) and many curved line ghost
solitons.



Generalized dromion solutions 7231
Now if we take some further restrictions on (26), we would get the dromion solutions
studied by RL [8]. For instance, taking
N=2 ko =C2=0 g =Ly+c Ci=a+h& (28)
and
hix,t) =explkix — kft + ) (29)
in (26), the RL (1,1) dromion solution [8]
2kih (1 — K)expllx +hy —kjt + ¢1 4+ ¢2)

= - 3 - T — (30
(I +explix — kit +c1) +explliy + e} + Kexplhix + Ly — kit +¢1 +¢2))
follows immediately. Similarly. inserting the special form of (26) for
N =3 ky=C3=0 gy =hy+e
Ci=a+nk Co=c3+Ink (31)
and
h(x,ty = exp(kix — kit + ¢1) + explhyx — k3t + ¢3) (32)

into (26) leads to the RL (2, 1} dromion [8].
Finally, we would like to point out that &; in (23) may be chosen as complex such that
the final result ¢¢? is still real thanks to

exp((P +iQ)x — (P +iQ)Vt + g(¥) +exp((P —iQ)x — (P ~iQPr +20))
= 2cos(Qx ~ 3P*Q — @) exp(Px — (P* =3P QM + () (33)

being a real function. That is to say, the multi-dromicon (26) with (25) can be re-written
equivalently as

u=—28.0yIng 34)
N M
¢= 1+h(x’t)+zexp'§j+ZAjC056jGXPT]j (35)
i=l j=1
with
E=kx—Et+g0N+C, 6 =Px—G0P- Pty

and the A(x, t) equation should be modified to

N M N
he + hxxx)( expéy; + Z Ajcos;exp ??1j) +3 D (hek? — hexky) expéy;
i=1 J=l i=I
M
43 A ((Be(QF — PP) — hee Op) c086)
J=l1
—(Q2P;Qjh, — Pihyy)sinf)expm; =0 (37)
where
ki =kx — k1 +C m; = Q;x ~(Q} —30; PP (38)

In summary, we have obtained many types of new dromion solutions for the (2 + 1)-
dimensional Kdv equation (1) by solving the general solutions with an arbitrary function for
the (2+ 1)-dimensional bilinear Kdv equation. The dromions can be driven not only by some
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perpendicular line ghost solitons but also by some non-perpendicular line and curved line
ghost solitons. The dromions can also possess some quite free shapes. For instance, they
may decay cxtremely rapidly or much slower than the exponentially decayed soliton in the
y direction because an arbitrary function is included in the general dromion solution. The
dromions may also be waving in the x direction due to some types of exponentially decayed
waving line ghost solitons alse being included in the general solution. A similar dromion
structure with guite a free shape is also found for the breaking soliton equation [10] where
the dromions exist for the potential instead of the original physical field [11, 10]). In fact,
because all the known high dimensional integrable models possess Kac-Moody—Virasoro
type Lie symmetry structures with many arbitrary functions, we firmly believe that some
of the properties of dromions revealed here, such as possessing quite free shape in one or
more directions and being driven by curved line ghost solitons ete, can exist for all higher
dimensional integrable models or their proper potential forms. A study to find dromions
driven by curved line ghost solitons for some well known {2 + 1)-dimensional physically
significant integrable models such as the DS and KP equations are in progress. It should be
noted that the exact closed form for the multi-dromion solution of the (2 4 1)-dimensional
KdV equation (1) with more than one arbitrary functions of y has not yet been found and
the deeper structures of the dromion solutions obtained here are worthy of further study.

The author would like to thank Professor Abdus Salam, the International Atomic Energy
Agency and UNESCO for hospitality at the International Centre for Theoretical Physics
Trieste, where this work was done. The author would also like to thank Professors G-j Ni,
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National Natural Science Foundation of China.
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